Abstract-We present a numerical study of the effects of optical feedback on the static and dynamic characteristics of verticalcavity surface-emitting lasers (VCSEL's) under both single-mode and two-mode operations. Our model includes transverse effects such as carrier diffusion and spatial hole burning (SHB) and is therefore capable of including gain-saturation-induced coupling among transverse modes. For short external cavities (30 m), optical feedback can completely suppress higher order transverse modes. For relatively long external cavities (1 cm), VCSEL's follow a period-doubling route to chaos. Numerical results show that multimode VCSEL's exhibit self-pulsations at higher feedback levels compared with the single-mode case.
I. INTRODUCTION
V ERTICAL-CAVITY surface-emitting lasers (VCSEL's) have been studied extensively over the past few years because of their useful characteristics such as a low threshold current, single-longitudinal-mode operation, circular output beam, and wafer-scale integrability [1] , [2] . Because of these advantages, VCSEL's are attractive as compact light sources for applications in optical communications and interconnects. In such applications, when light from a VCSEL is focused onto an optical fiber or an optical disc, some light is invariably reflected back into the laser. Experimental investigations demonstrate that VCSEL performance is strongly affected by the presence of optical feedback [3] - [7] . Linewidth narrowing and broadening [3] , threshold change [4] - [6] , mode-hopping, coherence collapse, and intensity-noise degradation [7] have been observed depending on the strength and phase of feedback. However, theoretical modeling of VCSEL's operating under feedback conditions has used numerical models which neglect spatial effects [8] , [9] . Since VCSEL's have relatively large transverse dimensions, spatial effects such as spatial hole burning (SHB) and carrier diffusion are expected to be important, especially because VCSEL's often operate in several transverse modes at high injection currents [2] . It has been shown that VCSEL's exhibit static and dynamic characteristics significantly different from those of edge-emitting lasers because of SHB [10] - [12] . Such spatial effects are also expected to affect VCSEL operation under feedback conditions. Indeed, for short external cavities, a very recent study has shown that SHB can lead to the suppression of a higher order transverse mode under appropriate feedback conditions [13] . However, there has been little theoretical study on feedback-induced dynamics. It has been shown that edge-emitting lasers can follow both quasi-periodic and period-doubling routes to chaos as feedback is increased, under both single-mode and multimode conditions [14] . Whether VCSEL's show similar behaviors is an interesting issue that remains to be explored, both theoretically and experimentally.
In this paper, we investigate numerically the static and dynamic characteristics of VCSEL's under feedback conditions for single-mode and two-mode operations. We extend the study presented in [13] to include the cases of both short and long external cavities. Further, we consider two-mode operations with different transverse modes to assess the role of intermodal coupling induced by SHB. Our model, described in Section II, includes the spatial dependence of both the optical field and the carrier density. Section III discusses changes in the continuous-wave (CW) mode powers occurring with feedback for the case of short external cavities. It is found that even a relatively weak feedback such as reflection from a fiber tip (4% reflectivity) can turn two-mode operation into single-mode operation under appropriate conditions. Section IV studies the change in dynamics associated with feedback for long external cavities. Feedback from an external cavity as short as 1 cm can destabilize the CW operation, leading to period-doubling and chaos. The effects of SHB and different contact geometries are considered in each case.
II. COMPUTER MODEL AND PARAMETERS
Assuming that the VCSEL can operate in two transverse modes simultaneously, the rate equations in the cylindrical coordinates are written as [10] (1) (2) 1077-260X/97$10.00 © 1997 IEEE where is the amplitude of the th transverse mode with the spatial distribution , is the carrier density, is the linewidth enhancement factor, and and are the gain and cavity loss for the th mode. In (2) , is the carrier lifetime due to nonradiative recombination, is the diffusion coefficient, is the spontaneous recombination coefficient, is the thickness of the active layer, and is the injection current density. In the small-signal regime, the local gain is assumed to be linearly proportional to the local carrier density and is the carrier density at transparency. The modal gain for each mode in (1) is obtained by calculating the spatial overlap between the local-gain profile and the spatial intensity distribution of that mode. Optical feedback through multiple round-trips is taken into account by the summation in the last term on the right-hand side of (1) [15] .
is the feedback parameter for the the th mode after external-cavity round-trips each of duration , and is the total number of round-trips included in the model. In general, cross coupling among different transverse modes should be included. However, cross coupling can be neglected for the two-mode case studied here since the two modes generally have orthogonal polarizations [2] . The parameter has a form similar to that for edge-emitting lasers [14] and is given by (3) where the feedback parameter is defined as (4) where and are the output-mirror and external-mirror reflectivities, is the solitary-laser round-trip time, and is the coupling efficiency of the returned light to the optical field in the laser cavity. In general, can be different for different modes. In this study, the feedback light is assumed to be a oneto-one image of the VCSEL aperture so that 1. Further, is taken to be mode independent. The fraction accounts for reduction in the feedback on successive round-trips in the external cavity and is given by (5) Because of high reflectivities of VCSEL mirrors ( 99%), it is essential to include multiple round-trips in the external cavity even for 1%, in contrast with the case of edge-emitting lasers. The number of external-cavity roundtrips used in simulations is the smallest integer for which 0.1. This approximation neglects feedback terms whose power is smaller than 1% of the dominant feedback term.
Equations (1) and (2) are solved numerically by using a finite-difference method with spatial and temporal resolutions of 0.1 m and 0.1 ps, respectively. An index-guided VCSEL with cylindrical geometry (index guiding over 4-m radius) is considered. The active region consists of three 8-nm quantum wells (QW's). Relevant device parameters are listed in Table I . Single-mode operation can be realized by using a disc contact of 2-m radius such that current is injected only over a small central part of the VCSEL top area. The LP mode is then preferentially excited. For two-mode operation, different transverse modes can be excited by two different contact geometries. A 4-m-radius disc contact excites the LP and LP modes, and a ring contact of inner and outer radii of 1.8 and 2.8 m excites the LP and LP modes. These two cases will be referred to as the disc-contact and ring-contact geometries, respectively, in the following sections. The bias current is fixed at two times threshold throughout this study.
III. SHORT EXTERNAL CAVITIES
In this section, we first focus on short external cavities. In practice, this corresponds to the case when a VCSEL is buttcoupled to an optical fiber, but there is a small air gap between the fiber and the VCSEL. We take to be 4%, the typical value of reflectivity from the tip of an optical fiber. Because of 99.5% reflectivity of VCSEL mirrors ( 99.5%), (4) results in a relatively weak feedback ( 10 ) even for 4%. Numerical simulations show that feedback does not destabilize the CW operation of VCSEL's for such short external cavities. However, feedback does affect the output powers considerably. Fig. 1(a) shows the change of CW power with externalcavity length for single-mode (LP ) operation by choosing 4% and 1. Depending on the feedback phase, the returning field interferes constructively or destructively with the field in the laser cavity, resulting in a periodic change in power with external-cavity length on a wavelength scale. Feedback-induced power variations can exceed 20% of the CW power without feedback.
Results for two-mode operation excited by a disc contact are shown in Fig. 1(b) . At two times above threshold, the output powers without feedback are 0.7 mW for both modes. Mode powers follow a periodic pattern similar to that of the single-mode case, but power variations of the two modes are neither in phase nor sinusoidal. Since the frequency difference between the LP and LP transverse modes ( 150 GHz) corresponds to a negligibly small round-trip phase difference (about 0.03 radian), the phase shift observed in Fig. 1(b) cannot be attributed to it. Instead, the origin of the phase difference lies in mode coupling induced by SHB. When the power in the one mode is enhanced by feedback, the power in the other mode is slightly reduced due to SHB. Since the overlap between the spatial distributions of the LP and LP is relatively small, the effects of SHB are not very strong. Therefore, the magnitude of change in power is roughly the same as that for the single-mode case.
To study the strong mode-coupling case, calculations are repeated for the case of a ring contact, and results are shown in Fig. 1(c) . Since the spatial distributions of the LP and LP overlap strongly, mode competition induced by SHB is severe. The enhancement of one mode leads to simultaneous suppression of the other mode to such an extent that the two modes are forced to be out of phase, and this behavior is relatively independent of the absolute value of the feedback phase. Strong mode-coupling also results in a larger change in mode powers compared with the case of single-mode operation [ Fig. 1(a) ]. In particular, one mode can be completely extinguished when the other mode has maximum power. This behavior can be useful in practice since it can be used to force operation in a single transverse mode even though the VCSEL normally operates in two transverse modes. By the same token, it suggests that the fiber tip position should remain fixed to a tolerance level below 0.1 m if the objective is to avoid feedback-induced power variations.
To further investigate the effects of SHB, the mode powers are calculated for different values of the external reflectivities for two fixed external-cavity lengths, where is chosen to be 1. Results for the two cases of 30.45 m (left column) and m (right column) are plotted in Fig. 2 , where is varied in the range 0.1%-10%. As expected, the magnitude of power variations increases with the amount of feedback. In the absence of mode coupling, both modes are expected to show an identical dependence on as given by the single-mode case (top row of Fig. 2 ) apart from a negligibly small phase difference. For two-mode operation, the direction as well as the magnitude of change in power are quite different from those of the single-mode case due to mode coupling induced by SHB. This difference is especially pronounced for large feedback values. In particular, for the case of a ring contact, powers in the two modes generally change in different directions as the feedback is increased because of increased mode competition induced by SHB. Complete turn-off of the LP mode occurs for 3% (lower left of Fig. 2 ).
IV. LONG EXTERNAL CAVITIES
Since distant reflections can affect the dynamics of semiconductor lasers differently compared with near reflections [14] , it is interesting to study the case where the external cavity is relatively long. In practice, this case corresponds to the configuration where the VCSEL light is focused onto a target by a lens. We choose 1 cm and investigate the change in VCSEL dynamics associated with the feedback strength by constructing the bifurcation diagram. For each value of , after integrating the rate (1) and (2) over a temporal window of 10 ns to eliminate the transients, the maximum and minimum powers in a subsequent 6-ns temporal window are sampled and plotted. The bifurcation diagram for single-mode (LP ) operation along with three temporal traces at selected values of are shown in Fig. 3 . A single point in the bifurcation diagram represents CW operation [ Fig. 3(b) ], two points represent period-one oscillations [ Fig. 3(c) ], and so on. As the feedback parameter is increased, the CW state becomes unstable due to undamping of relaxation oscillations, leading to self-pulsations at the relaxation-oscillation frequency [ Fig. 3(b) and (c)] and subsequent chaotic behavior [ Fig. 3(d)] . A similar behavior has been predicted for single-longitudinalmode edge-emitting lasers [14] .
We next consider the case of two-mode operation excited by a ring contact. The bifurcation diagram along with temporal traces for three chosen values of are shown in Fig. 4 . Dots and solid lines represent the LP mode, and triangles and dashed lines represent the LP mode. At low feedback values, the two modes show stable CW operation. As feedback is increased, the two modes exhibit period-one oscillations followed by subsequent period-doubling, eventually leading to chaos. However, due to strong coupling between the two modes through SHB, self-pulsations and onset of chaos occur at much higher feedback values of 4 10 , more than four times larger than that for single-mode operation. Similar delay of onset of chaos has been predicted for multilongitudinal-mode edge-emitting lasers [14] . Since all longitudinal modes of an edge-emitting laser have the same spatial distributions, it is understandable that they exhibit feedback dynamics similar to those of multiple-transversemode VCSEL's whose modal profiles overlap strongly.
Calculations are repeated for two-mode operation excited by a disc contact. Results are presented in Fig. 5 . Dots and solid lines represent the LP mode, and triangles and dashed lines represent the LP mode. Due to partial overlap of the LP and LP modes, effects of SHB are weak compared with the previous case, resulting in quite different features. At low feedback levels, the two modes carry comparable amount of powers and behave like two independent distinct single modes [ Fig. 5(b) ]. Therefore, the onset of self-pulsations occurs at roughly the same value for the feedback parameter ( 9 10 ) as in the single-mode case. However, at moderate feedback levels ( 9 10 ), mode-power enhancement due to feedback increases the strength of SHB, which results in period-doubling behavior and an earlier onset of chaos compared with the single-mode case.
Since the nonlinear dynamics is known to be affected significantly by the nonlinear gain [16] , we have investigated its effect by varying the nonlinear-gain parameter in the range 0-5 10 cm . For 1 10 cm , the results presented here remain unchanged qualitatively. For larger values of , the nonlinear dynamics seen in Figs. 3-5 are affected considerably by the nonlinear-gain effects.
V. CONCLUSION
We have investigated the effects of optical feedback on static and dynamic characteristics of VCSEL's, under both singlemode and two-mode operations. For short external cavities, mode power varies with the external cavity length on a wavelength scale due to constructive and destructive interference effects introduced by the feedback field. For singlemode operation, the direction of power change is completely determined by the feedback phase. However, for the two-mode case, optical feedback enhances the effects of SHB so that the magnitude and direction of power variations are significantly affected. In particular, for the case of two modes whose intensity profiles overlap considerably, SHB forces power variations in different modes to be out of phase with respect to the external-cavity length. Furthermore, the magnitude of change in power can be so large that one transverse mode is completely suppressed.
For long external cavities, we have explored the change in dynamics associated with feedback. It is found that feedback dynamics for two-mode operation depends on the strength of mode competition induced by SHB. For the two modes whose spatial profiles overlap only partially, the two modes maintain some degree of independence, and relatively weak mode competition leads to period doubling and an earlier onset of chaos. In contrast, for the two modes whose spatial profiles overlap significantly, strong coupling between the two modes results in reduced sensitivity toward feedback together with a delay in the onset of chaos.
